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ERDOS PROBLEM 108:
HIGH CHROMATIC NUMBER WITH SIX-COLOUR (C,-FREE SUBGRAPHS

Liam Kruer and Jensen Kohlmeyer

ABSTRACT. The accepted submission constructs, for every integer M, a finite graph G with x(G) >
M such that every Cs-free subgraph of G is six-colourable. Consequently the Erdés—Hajnal asser-
tion recorded as ErdSs Problem 108 is false, already at girth five and chromatic threshold seven.
The construction passes from an ordered multipartite base graph to its arc graph. A set-valued
colouring transfers a lower bound on chromatic number, while a branching decomposition bounds
the chromatic number of every four-cycle-free subgraph by 4 + 2. We explain the deterministic
argument, the finite probabilistic base construction, and their correspondence with the public Lean
proof.

1. THE QUESTION AND ITS NEGATIVE ANSWER

All graphs in the construction are finite, undirected, simple graphs. Their chromatic number
is the minimum number of colours in a proper vertex colouring. Girth is the length of a shortest
cycle, with infinity for an acyclic graph. A subgraph may delete both vertices and edges; it need
not be induced.

Erdés Problem 108 asks whether, for every r > 4 and k > 2, there is a finite f(k,r) such
that every graph with chromatic number at least f(k,r) has a subgraph with girth at least r and
chromatic number at least £ [2]. The case r =4 is a theorem of Rodl.

Theorem 1.1. For every M € N there exists a finite nonempty graph G satisfying
x(G) > M, HCG, C,¢H — x(H)<6.

In particular, choose r = 5 and k = 7. Any proposed value of f(7,5) is exceeded by a graph
from the theorem, but every subgraph of girth at least five is six-colourable. This contradicts the
asserted property. The statement does not depend on an infinite-graph convention.

1.1. Historical date. The problem record cites Erdés’s 1971 paper [1]. The announcement’s “55-
year-old question” counts 2026 — 1971 calendar years from that documented publication. It is not a
claim that the problem was first proposed in 1971; the cited proceedings concern a 1969 conference.
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2. ARC GRAPHS TRANSFER A CHROMATIC LOWER BOUND

Let F' be a finite graph with a linear order on its vertices. Orient each edge from its smaller
endpoint to its larger endpoint. Define

Arc(F) = {(u,v) :u < v, uv € E(F)}.

The arc graph A(F') has this set as its vertex set. Two arcs (u,v) and (x,y) are adjacent when
v==zory=u.

Lemma 2.1. If A(F) is m-colourable, then F' is 2™-colourable.

Proof. Given an arc colouring with colour set [m], assign to each base vertex v the set S(v) C [m)]
of colours appearing on arcs leaving v. If v < v and uv is an edge, the colour of (u,v) belongs
to S(u). It cannot belong to S(v): an arc leaving v with that colour would be adjacent to (u,v).
Hence S(u) # S(v), giving a proper colouring with at most 2™ subsets. O

3. WHY A FOUR-CYCLE-FREE SUBGRAPH NEEDS ONLY SIX COLOURS

Let H be any spanning subgraph of A(F). An arc a = (u,v) is branching in H if it has at least
two distinct neighbours of the form (v, w). Write B for the set of branching arcs. Let Jp be the
base subgraph of F' whose edges are precisely the arcs in B, with their directions forgotten.

Suppose the maximum forward degree of F' is at most d.

Lemma 3.1. If H is Cy-free, then A(Jp) < d+ (g)

Proof. At a base vertex v, at most d selected edges leave v. Each selected edge entering v corre-
sponds to a branching arc and therefore has two distinct outgoing arc-neighbours at v. Choose
one such pair. Two different incoming arcs cannot choose the same pair: together with the two
outgoing arcs they would form a four-cycle in H. There are at most (g) possible pairs. This bounds
the number of selected edges entering v and proves the claim. ([l

Lemma 3.2. If every subgraph J C F' of maximum degree at most d + (g) is a-colourable, every
Cy-free subgraph of A(F') is (a + 2)-colourable.

Proof. First consider a spanning subgraph H. By Lemma 3.1, Jp has a proper a-colouring. Colour
a branching arc (u,v) by the colour of w in Jp. Adjacent branching arcs concatenate, so their tails
are joined by a selected base edge. This colours H[B.

The nonbranching arcs induce a forest in the degeneracy sense: every nonempty set of them has
a vertex of degree at most one. Indeed, choose an arc with the least tail in the set. None of its
neighbours in the set can precede it in the arc orientation, and it has at most one forward neighbour
because it is nonbranching. Repeatedly remove such a vertex and colour in reverse order with two
colours. Using disjoint palettes for B and its complement gives a 4+ 2 colours.

For a subgraph that also deletes vertices, first add back the missing vertices as isolated vertices,
apply the spanning result, then restrict the colouring. Four-cycle-freeness is preserved by this
operation. ]

4. A DETERMINISTIC CRITERION FOR THE BASE GRAPH

Write ep(X) for the number of edges inside X, and ep(X,Y’) for the number between disjoint
vertex sets. Fix an integer K >4 and put n = 1/(2(K + 1)).

Proposition 4.1. Suppose every nonempty vertex set S has a partition S = X UY U Z such that

er(Y) =0, er(X,Y) < |X|, (1)

2|5

2| < ~erere T

16K (K + 1)

Then every subgraph J C F with A(J) < K is four-colourable.

er(X) < (1+n)[X]. (2)
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Proof. Tt suffices to show that every nonempty induced subgraph of J has a vertex of degree at
most three. Otherwise some S has minimum degree at least four, so e;(S) > 2|S|. Put s = |5,
x=|Xl,y=\Y|,z=1Z|,e=es(X) and f = e;(X,Y). Then

2s<e+ f+ Kz, e<(l+nz, f<min(z,Ky), y<s-—uz.

The piecewise linear function (1+7)x 4+ min(x, K (s —x)) is maximised on [0, s] at x = Ks/(K +1),

since K > 4. Therefore
(2+77)K 1
<Y 5 22— —
R | K1

But Kz < s/(8(K +1)). Combining the last two inequalities contradicts 2s < e + f + Kz. Greedy
colouring now gives four colours. O

5. THE MULTIPARTITE PROBABILITY SPACE

Fix ¢ > 1 and set
C=64¢*>, A=16CK(K+1), D=2(K+1).

Take ordered independent parts Vj, ..., Vo_1, of positive sizes ng,...,nc_1. For each vertex in V;
and each j > 4, independently choose one uniformly random neighbour in V;. The resulting graph
F' has forward degree at most C' — 1. Its probability space is finite; the formal proof uses uniform
counting.

5.1. Excluding low chromatic number. For a vertex set I define its part densities and total
weight by

pn ="V =Y )

1

The weights of all colour classes in any 2¢-colouring sum to C. Thus it is enough that every
independent set have weight less than C'/(2¢q) = 32q.

If 0 <p; <1and ), p; > 32¢, discard entries less than 1/(4¢). Their total is at most C'/(4q) =
16g. The retained entries have total at least 16q; the first retained entry therefore has a tail sum
at least 16g — 1 > 15¢. Hence some index 7 satisfies

L
Pz ij > 15¢.
71>

For a fixed set with this property, independence requires each selected vertex in V; to avoid the
prescribed sets in later parts. Consequently

P(I independent) < H |Im\/| <exp [ —|INV Zp] < e,
Jj>i J>i

Choose sizes with Cn; < n; whenever ¢« < j, and n; > 8C. The suffix from part ¢ then contains
at most 2n,; vertices. A union bound over its subsets and over ¢ bounds the probability of a heavy

independent set by
Z 227116—371 <

i<C

oo\H

Outside this event F' is not 2¢-colourable.
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5.2. Excluding small dense sets in earlier parts. The second bad event is the existence of an

index ¢ and a nonempty set X C Uj <i Vj such that

|X| < An;, er(X) > (1+1/D)|X|.
The source proves the following finite counting estimate. If the earlier parts contain at most N

vertices, each has size at least L, and 3z < L, then the probability that some z-set in those parts
has at least m = [(1 + 1/D)xz] edges is at most

)G ®

Indeed, choose the vertices and m prospective edges. A prescribed edge set has probability at most
L~™: compatible edges specify distinct random choices; incompatible choices give probability zero.
Summing these probabilities gives (3).
Using () < (3u/v)", the expression is at most §* whenever
2D+1 p7D
SN o 5o L (@)
LD+l 16C

The integer rounding is included in the source’s sparse_binomial_bound. Summing 4% over posi-
tive sizes and all C' parts bounds this second bad event by 1/8.

5.3. Explicit choices of sizes. Both estimates can be made simultaneous. The source chooses
R=(16C)P3?PH1 A 4 34 +8C +2,
b=D+2,  T=t",  pn=RT"" (0<i<Q).

These sizes decrease, satisfy Cn; < n; for 7 < j, and exceed 8C. For i > 0 put L = n;_; and
N = RT. The earlier parts have size at least L and total size at most N. If z < An;, then 3x < L.
The exponent identity gives

RNPn; < LP*L,
Since R > (16C)P32P+1 A  this proves (4). The union of the two bad events has probability at
most 1/4 < 1, so there is a choice of F' avoiding both.

5.4. Obtaining the required cuts. For any nonempty S, choose the last part i for which |S| <
An;. Partition S into its vertices before, in, and after that part, denoted X,Y, Z. The first part
always qualifies, because |S| < Cny < Ang. The set Y is independent and every vertex of X has
at most one neighbour in Y. Avoiding the second bad event gives ep(X) < (1 + 1/D)|X]|. If there
is a next part, its size satisfies An;y; < |S|, hence

5]
16K(K +1)
If there is no next part, Z is empty. Thus (1)—(2) hold. Proposition 4.1 shows that every base
subgraph of maximum degree at most K is four-colourable.

|Z] < Cniyr <

6. COMPLETING THE COUNTEREXAMPLE
Given M, take

2

The base construction gives a finite graph F' with x(F) > 2¢ and forward degree at most d.
If A(F) were M-colourable, Lemma 2.1 would give x(F) < 2M < 2¢, a contradiction. Thus
X(A(F)) > M. Every Cy-free subgraph of A(F) is six-colourable by Lemma 3.2 with a = 4. This
proves Theorem 1.1.

qg=2"+2 C=64¢* d=C-1, K:d+<d>.



ERDOS PROBLEM 108 5

7. FORMAL SOURCE AND VERIFICATION RECORD

The public submission was verified on 15 September 2026 and approved in review on 16 Septem-
ber. The public result and its report record statement comparison, permitted-axiom checks and
Lean kernel acceptance [3]. Preparing this exposition did not rerun Lean. The downloaded public
proof is byte-identical to the retained accepted source. Its SHA-256 is

a0b65a62937486813884b5bbc9fb36a2bb6
da42850a898126eddaecdbaaalfa2

Accepted source declaration Line
base_colorable_of_arc_colorable 93
selected_degree_le 166
nonbranching_colorable 259
arc_colorable_bound 284
colorable_four_of_sparse_cuts 481
model_badColor_probability_le 1221
model_badSparse_probability_le 1412
model_sizes_exist 1621
model_base_exists 1730
arc_counterexample_family 1765
counterexample_family 1798
Bounty.target 1845

The final formal theorem negates the exact committed target. The construction is finite even
though the formal result is transported to arbitrary universes. The accepted source refers to an
attachment in two comments; the public account credit is retained without inferring an unconfirmed
author list or publication-priority claim.
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